A two-dimensional Heisenberg model with random antiferromagnetic nearest-neighbor exchange is studied using quantum Monte Carlo techniques.
The copper-oxygen layers of the parent compounds of the high-T c superconductors are good physical realizations of the two-dimensional (2D) antiferromagnetic Heisenberg model [1] . Recently, significant progress has been made in the theory of clean 2D antiferromagnets with short-range interactions [2, 3] . The nonlinear σ-model (nlσm) in 2 + 1 dimensions is believed to describe their long wavelength physics. Chakravarty et al. [2] concluded that the ground state of this field-theory can be either ordered or disordered, depending on the coupling constant g, which depends on the interactions and the magnitude of the spin. There is convincing numerical evidence that the S = 1 2 Heisenberg model with nearest-neighbor interactions on a square lattice is on the ordered side of the phase diagram, with a sublattice magnetization m ≈ 0.3 [4] , which is close to the ordered moment observed in the cuprates [1] .
The microscopic mechanism leading to the destruction of the antiferromagnetic longrange order upon doping the cuprates is still not understood. In particular, in spite of some experimental support [5, 6] , it is not clear whether the nlσm indeed describes the phase transition, as the dopants are expected to induce strong randomness in the spinspin interactions before the charge carriers become mobile [7] . It is therefore important to investigate how various types of quenched disorder affect the long-range order of the 2D Heisenberg model, and how the nlσm description [2, 3] is altered by randomness.
In this Letter we present quantum Monte Carlo results for the S = 
where i, j is a pair of nearest-neighbor sites on a 2D square lattice. The couplings J ij take two values, J ij = J(1 ± ∆), at random, with a probability p for 1 + ∆ and 1 − p for 1 − ∆. We consider only the case ∆ < 1, i.e. all couplings are antiferromagnetic and the system is non-frustrated. Although the hamiltonian (1) does not exactly represent the kind of disorder present in the cuprates, where one would expect light doping to cause random frustrated interactions [7] (corresponding to ∆ > 1), we expect it to be of relevance in gaining understanding of the effects of randomness in quantum antiferromagnets. In 2D an orderdisorder transition can only take place at zero temperature, where the critical behavior is governed by quantum fluctuations. The opportunity to numerically study a disorder-driven quantum phase transition is a further motivation for this work.
We study the behavior of the hamiltonian (1) in the (p, ∆) plane. For ∆ → 0 the clean 2D
Heisenberg model is recovered independently of p, and the system is hence ordered at T = 0.
For ∆ → 1 (but ∆ = 1) both limits p → 0 and p → 1 correspond to the 2D Heisenberg model with dilute bond-impurities. Thus the system should be ordered in these regimes as well. As p is increased from 0 there will be an increasing fraction of singlets forming at isolated strong bonds in a background of weakly coupled spins. We argue that at a lower critical concentration p = p c1 , this leads to an order-disorder transition, in analogy with order-disorder transitions due to singlet formation in clean quantum antiferromagnets, such as the 2-layer Heisenberg model [8] and various other dimerized models [9] . As p is increased further, there must be another transition to an ordered state at p = p c2 , as the strong bonds start to dominate and the weak bonds effectively become impurities in a background of strongly coupled spins. As ∆ is lowered the tendency to singlet formation diminishes, and one would expect the range [p c1 (∆), p c2 (∆)] to become smaller and eventually vanish at some ∆ = ∆ min [10]. Below we present numerical results supporting this picture, which is illustrated by the phase diagram outlined in Fig. 1 . The solid circles at the phase boundary are results of our quantum Monte Carlo simulations, which are discussed below.
We have used a modification of Handscomb's quantum Monte Carlo technique [11, 12] , and averaged over 50-300 realizations of the random couplings in order to obtain results useful for extrapolation to the thermodynamic limit. We have studied systems of L 2 spins
with periodic boundary conditions. In order to obtain ground state results for L = 4−10, we have carried out simulations at inverse temperatures β = J/T as large as 128, which for these system sizes is enough for all calculated quantities to have saturated to their T = 0 value.
A theorem by Lieb and Mattis [13] guarantees that the ground state of a finite system with an even number of spins is a singlet, as long as all couplings are antiferromagnetic. We have therefore restricted the simulations to the subspace with zero magnetization ( i S z i = 0).
We have also studied lattices with L = 32 at higher temperatures. In these simulations
Monte Carlo moves changing the total magnetization were included.
The sublattice magnetization m for a finite system can be defined according to
where S(π, π) is the staggered structure factor
For the clean 2D Heisenberg model, spin-wave theory gives the leading size dependence of
In where z is the dynamic exponent [16] . With ∆ > 0 Lorentz-invariance is broken, and one expects z = 1. The dynamic exponent can be determined by comparing the size-dependence of the staggered structure factor S(π, π) and the staggered susceptibility χ(π, π). For a zero-temperature quantum phase transition the exponent η for the algebraic decay of the spatial correlation function C(r) is defined by [17] C(r) → 1 r 2−D+z+η , r → ∞,
where D is the spatial dimensionality. The staggered structure factor therefore diverges as
. The staggered susceptibility is given by
and diverges as δ −ν(2−η) .
Finite-size scaling theory [18] gives the size dependence of S(π, π) and χ(π, π) at the critical point:
Hence, if S(π, π) ∼ L γ S and χ(π, π) ∼ L γχ , the dynamic exponent is given by z = γ χ −γ S . In 
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Hence, depending on z, the uniform susceptibility diverges, remains finite or vanishes at the critical point. For "dirty bosons", Fisher et al. argued that the total compressibility (which corresponds to χ u ) remains finite, and z = D [17] . The spin model considered here can be mapped onto a hard-core bose system with particle-hole and SU(2) symmetries.
The additional symmetries might in principle change the universality class from the one of the systems considered in Ref. [17] . Our results for the dynamic exponent are, however, T → 0 at ∆ = ∆ c . In 1D, random exchange leads to a low-temperature divergence of the uniform susceptibility [21] . This is also predicted in higher dimensions for systems with longer-range interactions [22] . The natural interpretation of this behavior is that some of the spins are effectively isolated from the rest of the system due to their local environment of strongly coupled spins. One would expect this behavior in the disordered phase of the model considered here as well, but not on the phase boundary if indeed z = 2.
A non-zero T = 0 uniform susceptibility implies that the disordered phase is gapless. In order to further investigate the spectrum, we have calculated the imaginary-time correlation
, and used the maximum entropy analytic continuation procedure [20] to obtain the real-time wave-vector integrated dynamic structure factor S(ω) = 1/N q S(q, ω). We have calculated S(ω) for both clean and random systems. In addition, in order to test the method, we have studied the case where the strong bonds are 6 arranged in a regular staggered pattern such that every spin belongs to a pair connected by a strong bond (p = 1/4). In this case one expects a gap for ∆ larger than a critical value. The staggered system exhibits a clear gap; S(ω) is a narrow peak centered at ω/J ≈ 1 + ∆, corresponding to the energy required for a singlet-triplet excitation of a spin pair connected by a strong bond. For the clean system there is a broad maximum around ω/J ≈ 2, and a narrow peak close to ω = 0. In the thermodynamic limit, long wavelength fluctuations of the order parameter lead to a δ-function peak at ω = 0. This peak is here shifted to a non-zero energy by the small gap present in the finite system. For the random case the peak at ω = 0 is due to localized, gapless excitations. There is also more weight at low energies than for the clean system, which we associate with excitations involving primarily the weak bonds.
It would clearly be interesting to study the properties of a random quantum antiferromagnet with a gap. Two coupled layers, each described by the hamiltonain (1), should have both gapped and gapless disordered phases, depending on p, ∆ and the (non-random)
inter-layer coupling. Work on this model is in progress.
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